Most of the Real systems shows chaotic behavior when they approach complex states. Especially in physical and chemical systems these behaviors define the character of the system. The control of these chaotic behaviors is of very high practical importance and hence mathematical models of these chaotic systems proves vital in deciding the control structures. One such model of chemical reactors is the Willamowski-Rössler system (WR). In this paper we derive a fractional order sliding mode control scheme where the states of the WR system are driven back to the defined equilibrium points. We have also synchronized master and slave fractional order WR system using sliding mode control. As the entire control law is defined in fractional order, we derived a new methodology to prove the stability of the controller. The numerical simulation and analysis are achieved with LabVIEW.
Introduction
Chaos theory finds its applications in variety of fields ranging from physical systems to quantum dynamics. For a system to exhibit chaotic nature it should have three properties namely boundedness, infinite recurrence and sensitive dependence on initial conditions [1, 2] . The first famous chaotic system was discovered by Lorenz, when he was developing a 3-D weather model for atmospheric convection in 1963 [3] . Subsequently, Rössler discovered a 3-D chaotic system in 1976 [4] , which is algebraically much simpler than the Lorenz system. These classical systems were followed by the discovery of many 3-D chaotic systems such as Arneodo system [5] , Sprott systems [6] , Chen system [7] , Lü-Chen system [8] , Cai system [9] , Tigan system [10] , etc.
Chemical reaction systems have been one the most favorite areas in non-linear dynamics. One such is the Belousov-Zhabotinsky (BZ) reaction. systems. The BZ reaction is a group of chaotic chemical reactions where bromate ions are reduced in an acidic medium by an organic compound with or without catalyst. Rössler first studied the chemical kinetics of reactions with minimal model of chaos [11] . Willamowski and Rössler were the first to suggest that the deterministic chaos can be generated by a chemical reaction [12] [13] [14] . After the analysis of such chaotic models of chemical reactions, the interest falls of controlling such chaotic behaviors. Certain processes finds chaotic behaviors as an advantage like the combustion process where turbulent fuel flow increases combustion rate.
Fractional order calculus developed from ordinary calculus, is a generalization of the integration and differentiation to the non-integer (fractional) order generalization operator a D q t in which "a" and "t" are limits and "q" is the order of the operator. This operator is a notation for both the fractional derivatives and fractional integrals in a single expression [15] . Two general fractional order integral/differential operations are commonly discussed, Caputo and Riemann-Liouville (R-L) fractional operators. Physically the R-L fractional operator has initial value problem [16] , therefore the Caputo fractional operator is more practical than the R-L one.
Nonlinear dynamical system undergo abrupt qualitative changes when crossing bifurcation points [17] . For a more exhaustive investigation of mechanism responses of such nonlinear dynamic system, it is compulsory to identify both singularity of the parameter plane (Bifurcation points, chaos) and singularities of the phase plane (fixed or equilibrium points, cycles, invariant closed curves) [18] [19] [20] .
In this paper we have derived the Fractional order model of the WR system whose integer order model was discussed in literature [12] [13] [14] . Fractional order of the systems close to their integer order models exhibits larger Lyapunov Exponents. As discussed in the literature [21] , it is better to control chaos in the nearest fractional order of the system. Hence in this paper we proposed a fractional order reduced nonlinear control method to suppress the chaotic oscillations of the fractional order WR system. As it is difficult to prove the Lyapunov stability for the fractional order control method, we proposed a new methodology to achieve the Lyapunov stability.
Preliminaries of Willamowski-Rössler system:
The Willamowski-Rössler model (WR model) are a family of chemical reactions in the open system and its mechanism consists in the following elementary steps [11] :
The Dimensionless model of (1) as proposed in [11] ,
The time evolved dimensionless form of (2) can be given as, 
The initial conditions for the system (3) were established x 1 (0) = 0.21, x 2 (0) = 0.01, x 3 (0) = 0.12 and the parameters as in (3), the strange attractor of the system is shown in Figure 1 . 
Fractional Order Willamowski-Rössler (WR) system:
The fractional order model of WR system is derived from (3) with the Caputo fractional order definition, which is defined as
where α is the order of the system t 0 and t are limits of the fractional order equation,ḟ (t) is integer order calculus of the function. For numerical calculations we use Caputo -RiemannLiouville fractional derivative [17] and the above equation is modified as
Theoretically fractional order differential equations use infinite memory. Hence when we want to numerically calculate or simulate the fractional order equations we have to use finite memory principal, where L is the memory length and h is the time sampling as N(t) = min b j−1 . Applying these fractional order approximations in to the integer order novel hyperchaotic system (3) yields the fractional order WR model described by (7), 
Chaos Suppression in the Fractional Order Willamowski-Rössler (WR) system using Sliding Mode Control
In this section, we discuss about the chaos control of Fractional Order Willamowski-Rössler (WR) system using sliding model control [22] [23] [24] . In this paper we used fractional order sliding mode controllers to achieve the chaos control. Also we used fractional order control algorithm which is proved effective in literatures [18] [19] [20] [21] for designing the proposed controller. As we used fractional order control methods, the sign of the first derivative of the Lyapunov stability seems difficult and hence we proposed a new methodology to achieve the same.
The Controlled System fractional order WR system is given as (8) ,
where u 1 , u 2 , u 3 are the controllers for stabilizing the system. The sliding surface for each state variables are defined as [22] ,
The fractional order derivatives of the sliding surfaces (9) , are given by,
By the definitions of the reaching law [22] , we set the controlled fractional order system can be defined as,
From (10) and (11), we arrive at (12),
By comparing fractional order system definition (8) with (12),
From equation (13) , for the system to be asymptotically stable, the controller can be defined as,
Stability of the Controller:
To derive the stability of the proposed control algorithm, let us propose the Lyapunov candidate function as,
The first derivative of the Lyapunov candidate function is given by,V = s 1ṡ1 + s 2ṡ2 + s 3ṡ3 (16) By the definition of Fractional Calculus,
Using (17) in (16),
From (18) it is difficult to find the sign of the Lyapunov first derivative. Hence we propose a new methodology to solve this issue.
Lemma 1.
As defined by if s (t) be a time continuous and derivable function. Then for any time instant t ≥ t 0 ,
Proof. To prove expression (19) is true we start with,
By Definition
Modifying (22),
Let us assume,
S(τ) = s(t) − s(τ) &Ṡ(τ) = −ṡ(τ) ( 2 4 )
Substitute (24) in (23) 1
Integration (25) by parts
Solving first term of (27) for τ = t
Equation (28) can be rewritten as
which clearly holds as α lies between 0 ≤ τ ≤ 1, the L.H.S of the equation (29) will always be a positive value and hence Proved.
Lyapunov Stability using Lemma 1.
Applying (29) in (15),
Hence (30) is a negative definite function which infers that the system is stable and is valid for any bounded initial conditions where K 1 , K 2 , K 3 are positive constants.
Synchronization of Fractional Order Willamowski-Rössler (WR) system using Sliding Mode Control
In this section we propose a fractional order sliding mode control to synchronize the master and slave fractional order WR system. Let us define the master and slave systems as, 
where u 1 , u 2 , u 3 are the controllers for synchronize the system. By definition of the reaching laws, the sliding mode surfaces for the error variables are defined as,
The fractional derivative of (33) can be given by,
By the definition of the reaching laws [22] ,
By equating (34) and (35),
As we know the error dynamics ase i = y i − x i , i = 1, 2, 3, the fractional error dynamics are,
Comparing (37) and (36),
For the sliding mode control algorithm to synchronize the master and slave systems, we define the controllers as,
The Lyapunov candidate function for the sliding mode controller can be defined as,
The first derivative of the Lyapunov candidate function is given by,V = s 1ṡ1 + s 2ṡ2 + s 3ṡ3
By the definition of Fractional Calculus,
Using (41) in (40),
From (42) it is difficult to find the sign of the Lyapunov first derivative. Hence we propose a new methodology to solve this issue.
To solve difficulty faced, Applying (29) in (39),
Hence (43) is a negative definite function which infers that the system is stable and is valid for any bounded initial conditions where K 1 , K 2 , K 3 are positive constants.
Results and Discussions:
For numerical simulations of the proposed fractional order system and its control, we used LabVIEW control and simulation loops. As there is no predefined fractional order integrators and differentiators, we used Caputo Fractional calculus approach to design the fractional integrators/differentiators. The initial conditions of the states are kept as x 1 = 5, x 2 = 10, x 3 = 3. Figure 3 shows the controller in action at t = 62 s. The Controller suppresses the oscillations to the equilibrium points. The controller gains K 1 , K 2 , K 3 plays an important role in the controller efficiency. Figure 4 shows the control algorithm for various values of gains. As can be seen from Figure 4 , the values of K 1 , K 2 , K 3 wont affect the controller performance once the values of the gains crossed K 1 = K 2 = K 3 = 10. Hence we propose the gain values between 7.5 ≤ K 1 /K 2 ≤ 10.
For the synchronization part, we define two different initial conditions for master and slave systems. The initial conditions of the states of the master system are kept as x 1 = 5, x 2 = 10, x 3 = 3while the initial conditions of the slave systems are kept asy 1 = 2, y 2 = 3, y 3 = 1. Figure 5 shows the synchronization errors with K 1 = K 2 = K 3 = 10. 
Conclusion
In this paper we proposed a fractional order sliding mode control technique to suppress chaotic oscillations in a Fractional Order Willamowski-Rössler (WR) system and Synchronize master-slave fractional WR system. We have also proposed a new methodology to achieve the Lyapunov stability function for the fractional order sliding mode controllers. The theoretical results are validated with numerical simulations.
